Abstract. We give an exact formula for the number of normal subgroups of each finite index in the Baumslag-Solitar group BSð p; qÞ when p and q are coprime. Unlike the formula for all finite index subgroups, this one distinguishes di¤erent Baumslag-Solitar groups and is not multiplicative. This allows us to give an example of a finitely generated profinite group which is not virtually pronilpotent but whose zeta function has an Euler product.
Introduction
A finitely generated group G has finitely many subgroups (and hence finitely many normal subgroups) of each finite index n. We denote these quantities by a n ðGÞ and a p n ðGÞ respectively. If R is the finite residual of G, that is, the intersection of all finite index subgroups, then a n ðGÞ ¼ a n ðG=RÞ and a p n ðGÞ ¼ a p n ðG=RÞ by the correspondence theorem, so it is enough to consider only residually finite groups. There has been much recent activity in this area on the behaviour and asymptotic growth of these functions. There has also been work on obtaining exact formulae for a n ðGÞ when G lies in particular classes of groups. However much less is known about exact formulae for a p n ðGÞ. The only cases we can find in the literature, other than various finite groups and abelian groups, are some torsion-free nilpotent groups of class 2 in [4] and the 17 wallpaper groups (which are all finite extensions of the free abelian group of rank 2) in [2] .
In this note we give a formula for the famous class of two-generator one-relator groups called the Baumslag-Solitar groups, introduced in [1] . For p; q A Z À f0g the group BSðp; qÞ has presentation ht; a j ta p t À1 ¼ a q i:
We consider the case when p and q are coprime and prove that 
In [3] similar looking formulae in the case of all finite index subgroups were established for the same groups:
(In fact this formula in the case p ¼ 1 was earlier given in [9, Theorem 2] .) Thus it is clear from (2) that a n ðBSðp; qÞÞ is equal to a n ðBSð p 0 ; q 0 ÞÞ when pq and p 0 q 0 have the same prime factors, but we show that the sequence ða p n ðBSðp; qÞÞÞ uniquely determines the Baumslag-Solitar group (and indeed p and q up to the obvious changes of swapping p and q and replacing them both with their negatives). We also prove that the sequence ða p n ðBSðp; qÞÞÞ is not multiplicative, unlike ða n ðBSðp; qÞÞÞ. In [2] it is asked whether a profinite group whose zeta function has an Euler product is virtually pronilpotent. We show that this is not the case for the profinite completion of BSð1; qÞ when q 0G1.
As in [3] , our results are only valid when p and q are coprime. We note here that the case when p and q have a common factor d d 2 is rather di¤erent because now the group BSð p; qÞ will be large, as it has a surjection to the free product of Z with the cyclic group C d . This implies that BSðp; qÞ has subgroup growth of strict type n n and, by [10, Theorem 1] , normal subgroup growth of strict type n log n . Both of these are the fastest possible types for a finitely generated group. Moreover it is straightforward to show that neither ða n ðBSð p; qÞÞÞ nor ða p n ðBSðp; qÞÞÞ is multiplicative, by [12, Theorem 1] in the second case and by taking a lower bound for a n ðZ Ã C d Þ in the first case.
The formula
Let G be the Baumslag-Solitar group BSðp; qÞ ¼ ht; a j ta p t À1 ¼ a q i where p and q are coprime integers. We will use the symbols t and a to refer to the relevant elements of a given Baumslag-Solitar group throughout the paper. The key point which allows us to enumerate the finite images of G, and hence the finite index normal subgroups, is the following:
qÞ for p and q coprime then the quotient of G by its finite residual is metabelian.
Proof. Recall Mal'cev's result that a finitely generated residually finite group is Hopfian. The proof further shows that if y is a surjective homomorphism of a finitely generated group G then any element of kerðyÞ is also in the finite residual R. Therefore on taking the homomorphism yðtÞ ¼ t, yðaÞ ¼ a p which is surjective if gcdð p; qÞ ¼ 1, we have that for any j d 1 the commutator ½t j at Àj ; a is in kerðy j Þ. So the normal closure of a in G=R, which is generated by the images of the elements t k at Àk for k A Z, is abelian. r If p ¼ 1 then G is metabelian and hence residually finite by a result of Philip Hall. Otherwise G is equal to a non-ascending HNN extension of Z, in which case it is well known that G contains a non-abelian free group. This gives us Proposition 2.2. If F is a finite image of G ¼ BSðp; qÞ for p and q coprime then F is metacyclic with the order of a in F being coprime to p and to q.
Proof. Suppose that we have y : G ! F . Then H ¼ yðha p iÞ is conjugate in F to yðha q iÞ. If H is strictly contained in yðhaiÞ then by [6] we have that G is large. This happens if and only if G=R is large, but from above G=R is metabelian.
Consequently we have yðha p iÞ ¼ yðha q iÞ ¼ yðhaiÞ ¼ H, and if the order of x ¼ yðaÞ is d then p and q are both coprime to d. As x p and x q are generators of H and yx p y À1 ¼ x q where y ¼ yðtÞ, we see that the cyclic group H is normal in F and F =H ¼ h yHi is also cyclic. r
We can now deduce our main result. Proof. We count normal subgroups N of index n in G ¼ BSð p; qÞ where x has exact order d in the quotient. Fix n and a factor d and set n ¼ cd. First let us consider the case where p ¼ 1. The group with presentation
(where s is some integer defined modulo d ) surjects to F ¼ G=N as these relations all hold in F . The last relation and the value of s is obtained because F =H is generated by yH and has order c, so that y c A H. As y c xy Àc ¼ x we must require of c that d divides q c À 1 or else x would not have order d. Also yx s y À1 ¼ x s implies that d divides sðq À 1Þ for the same reason. Now with these conditions on c and s we have that the above presentation is a metacyclic group of order cd by [5, Chapter 3, Theorem 1] and thus this group is equal to F . As s is only defined modulo d, the number of allowable choices for s is the number of integers s from 1 to d such that sðq À 1Þ is 0 modulo d, which is gcdðd; q À 1Þ. Moreover di¤erent choices s, s 0 modulo d give rise to di¤erent normal subgroups N of G, or else we would have
G=N, which again contradicts the fact that the order of x is d. Now take a general p and again fix n and d. From Proposition 2.2 we have that d and p are coprime, so that in any finite image F of order n in which x has order d we can replace x with u ¼ x p , which also generates the normal subgroup H of F , to obtain the relation yuy À1 ¼ u r where q 1 pr modulo d. We can now follow the argument just as before to obtain the claimed formula with p replaced by 1 and q by r. However gcdðd; q À pÞ ¼ gcdðd; r À 1Þ and d divides q c À p c if and only if it divides r c À 1, so we are done. r
Consequences
It is pointed out in [3] (and in [9] for p ¼ 1) that the formula (2) for all finite index subgroups only depends on the prime factors of pq, and so we obtain examples of infinitely many finitely generated groups BSð p; qÞ which are not isomorphic but which are isospectral, that is, the sequences ða n ðBSðp; qÞÞÞ are all equal. Indeed we also obtain finitely generated residually finite examples by considering BSð p; qÞ=R, which can be shown to be non-isomorphic because the abelianization G=G 0 of a finitely generated group is the same as that of G=R. However in the case of normal subgroups the sequence ða p n ðBSðp; qÞÞÞ determines p and q. In the odd case we obtain non-zero terms whenever l i divides q
mÀi , which is always because q þ p does too, and these terms are always 1 because p and q are coprime. In the even case we pick up contributions when 2l i divides q l mÀi À p l mÀi . However if l divides this, then l divides q À p by Fermat's little theorem, and hence l divides p and q. Thus the only non-zero term that we have in this case comes from 2 if q À p is even. As for a p 2l m ðBSð p 0 ; q 0 ÞÞ, first note that if we pick up a term gcdðd; q 0 À p 0 Þ then it has the same value as for BSðp; qÞ, and so we just need to show that we obtain fewer non-zero terms. But we have the same contribution from the even divisors and we do not get l m dividing q 0 2 À p 0 2 , so that this term of the sequence is now zero.
This covers all possibilities except when q þ p ¼ 2 s u > q 0 þ p 0 ¼ 2 t u for u odd where we must have t d 2 and q À p is 2 modulo 4. We consider the 2 sþ2 -th term of each sequence similarly and find that we pick up a term from 2 sþ1 in the first case but not in the second. r Note. It was shown in [8] that BSð p; qÞ is isomorphic to BSð p 0 ; q 0 Þ if and only if ðp 0 ; q 0 Þ ¼ ðp; qÞ; ðÀp; ÀqÞ; ðq; pÞ or ðÀq; ÀpÞ. Whilst Corollary 3.1 could be regarded as providing an alternative proof (at least when p and q are coprime), surely the quickest way to see this is to note that the Alexander polynomial DðtÞ A Z½t G1 of BSðp; qÞ is pt À q. But this is an invariant for finitely presented groups, subject to the ambiguity of multiplication by the units in the ring Z½t G1 , namely Gt m for m A Z. If two finitely generated groups G 1 , G 2 with finite residuals R 1 , R 2 respectively are such that G 1 =R 1 is isomorphic to G 2 =R 2 then this implies that their profinite completions are isomorphic, which in turn implies that they are isospectral, as well as the equality of the sequences ða p n ðG 1 ÞÞ and ða p n ðG 2 ÞÞ. Therefore Corollary 3.1 further establishes that for distinct Baumslag-Solitar groups G with p and q coprime the groups G=R and their profinite completions are distinct.
If G 1 , G 2 are finitely generated groups with a p n ðG 1 Þ ¼ a p n ðG 2 Þ for all n then the abelianizations G 1 =G 0 1 and G 2 =G 0 2 must be equal because their finite abelian images have to be the same. The only isospectral groups known without isomorphic profinite completions seem to be the fundamental groups of the orientable and non-orientable surfaces of genus g, the example of Z Â Z Â C 2 and ðZ Â ZÞ z C 2 given after Theorem 1.4 in [2] , and the Baumslag-Solitar groups in [3] . However none of these examples provide isospectral pairs when we consider finite index normal subgroups, because of Corollary 3.1 for Baumslag-Solitar groups and by abelianizing in the other cases. Thus we ask the following: Question 3.2. Do there exist finitely generated groups G 1 and G 2 with nonisomorphic profinite completions but with a n ðG 1 Þ ¼ a n ðG 2 Þ and a
Another property that we may ask of the sequences ða n ðGÞÞ and ða p n ðGÞÞ is that they are multiplicative, namely a ðpÞ mn ¼ a ðpÞ m a ðpÞ n when gcdðm; nÞ ¼ 1; if this is so then we obtain an Euler product for the zeta function or normal zeta function of G. In [12, Theorem 1] it is shown that a finitely generated profinite group G is pronilpotent if and only if ða p n ðGÞÞ is multiplicative. Consequently we can answer the question after Proposition 1.5 in [2] , which asks whether a profinite group whose zeta function has an Euler product is necessarily virtually pronilpotent. Theorem 3.3. The profinite completion of BSð1; qÞ for q 0G1 has the property that its zeta function possesses an Euler product but it is not virtually pronilpotent.
Proof. We first show that for p, q coprime the sequence ða n ðBSðp; qÞÞÞ is multiplicative but ða p n ðBSðp; qÞÞÞ is not (with the exception of BSð1; 1Þ ¼ Z Â Z). On taking the formula (2) for a n ðBSðp; qÞÞ, and removing the condition that gcdðd; pqÞ ¼ 1 in the sum, we are left with the sum of divisors function sðnÞ which is proved to be a multiplicative sequence by multiplying the sums sðmÞ and sðnÞ together to obtain a new sum whose terms are exactly the divisors of mn. Now suppose that we reinstate the condition and mark the terms in sðmÞ and in sðnÞ that fail to be coprime to pq. When we multiply out to get sðmnÞ, the terms in this sum with one or both factors marked are exactly the ones which are not coprime to pq. Hence by erasing the marked terms on both sides we have a multiplicative sequence. Thus we obtain an
